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Abstract 

■ , We study SO (4) BF theory plus a general quadratic potential, which describes a bi- 

metric theory of gravity. We identify the profile of the potential leading to a Pauli-Fierz 
, mass term for the massive graviton, thereby avoiding the linearized ghost. We include the 

Immirzi parameter in our analysis, and find that the mass of the second graviton depends 
on it. At the non-perturbative level, we find a situation similar to genuine bi-gravities: even 
^ ■ choosing the Pauli-Fierz mass term, the ghost mode propagates through the interactions. 

We present some simple potentials leading to two and three degrees of freedom, and discuss 
*0 ■ the difficulties of finding a ghost-free bi-gravity with seven degrees of freedom. Finally, 

we discuss alternative reality conditions for the case of S0(3,l) BF theory, relevant for 
Lorentzian signature, and give a new solution to the compatibility equation. 



1 Introduction 



Topological theories of the BF type bear interesting relations with general relativity, see [T] for a 
^ ■ recent review. A mechanism to relate the two theories is the use of the Plebanski action, which 
comes in either the self-dual [21 [3] or the non-chiral (Sj (U |5] formalism. In the latter, which 
is the subject of this paper, one starts with BF theory with the Lorentz group (or SO (4) in 
Euclidean signature) as local gauge group, and adds suitable "simplicity" constraints to recover 
the dynamics of general relativity. The resulting action is polynomial, and it plays an important 
role in the spin foam approach to quantum gravity [6l [71 (U [9] . 

Recently [TO] , building on previous work in the self-dual formalism [T2l [T3] , it was shown 
that SO (4) BF theory - alone, without constraints - can be parametrized in terms of two metrics 
plus scalars fields. The metric interpretation is however completely artificial, and carries no 
physics, because of the large "shift" symmetry that makes the theory topological: any pair of 
metric is connected to the bi-fiat one (e.g. for trivial topology) by a shift transformation, and 
no local degrees of freedom propagate. The situation changes when the simplicity constraints 
are added, and general relativity is recovered. The advantage of the bi-metric parametrization 
is to make the role of the constraints completely transparent: they freeze the scalars fields, and 
identify the two metrics with one another. 

An interesting set of theories can be constructed by adding a potential term to the BF action, 
instead of the simplicity constraints. Such modified non-chiral Plebanski actions were proposed 
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initially in [T3] as models for grand unification, and in |1H [T5] for the self-dual case|^ The addi- 
tion of the potential term breaks the shift symmetry, and propagating local degrees of freedom 
(DOFs) appear. A canonical analysis performed in [21j showed that for a generic potential, there 
are eight DOFs. Their interpretation was clarified in [10], where it was shown that the action 
describes a bi-metric theory of gravity plus scalars, with the two metrics interacting through the 
scalars and the potential. The eight degrees of freedom turned out to be, at the linearized level, 
the same of standard bi-metric theories \22\ I23j. Namely, a massless and a massive graviton, 
plus a massive scalar. The scalar mode found in |10j is a ghost, and the theory is unstable 
around the bi-flat solution. This is a situation familiar from massive gravity, where a ghost is 
present unless the particular Pauli-Fierz form |24j for the mass term is chosen. The main result 
of the present paper is to complete the analysis of [10]: we study the most general quadratic 
potential of the modified Plebanski action, and identify the values of the coefficients leading 
to the Pauli-Fierz mass term. In doing so, we also extend the previous analysis to include the 
Immirzi parameter, and find that the mass of the second graviton depends on it. This might be 
surprising at first sight, but it is a natural consequence of giving a canonical form to the kinetic 
terms of the action, and it suggests an intriguing new role for the Immirzi parameter in such 
modified theories of gravity. We also give a more complete description of the linearized theory, 
studying the decomposition of the various fields in their irreducible representations, and unravel 
a simple relation between S0(4) BF theory and general relativity at this level: loosely speaking, 
second order S0(4) BF theory can be written as Einstein's TT action but with the connection 
as a functional of two metrics and scalar fields. This material appears in sections 2 to 4. 

The ghost absence at the linearized level is however not enough to guarantee the stability of 
the theory, as the unhealthy degree of freedom can reappear through interactions, as it is well- 
known from a classic result by Boulware and Deser [25j . While it has been argued that the theory 
is stable on cosmological or Lorentz- violating backgrounds [231 ESI EH EHl El] , it is interesting 
to understand whether flat background stability is necessarily compromised by a graviton mass. 
In particular, recent literature |30t [3T| [32] claims that a specific, non-polynomial potential is 
non-perturbatively ghost-free, although a debate on the proof still continues [33]. One might 
hope that the situations is different in the context of the modified Plebanski theory, due to the 
presence of additional scalar fields. However, this is not the case. In Section 5, we show that 
the Pauli-Fierz mass term is again not a sufficient condition for the non-perturbative absence of 
the ghost. Although we are not able to provide a systematic study of all possible potentials, we 
discuss a few natural choises. While classes with two or three degrees of freedom can be easily 
identified, classes with seven degrees of freedom, corresponding to ghost-free bigravities, appear 
elusive. At least, we are able to point out a specific algebraic difficulty for this. Merely adapting 
the potential of [301 ED [32] to the Plebanski formalism is possible, but it does not appear any 
less artificial, nor can it easily be used for an independent test of ghost-freeness. 

Finally, the extension of these results to the Lorentzian signature is straightforward, but 
requires the use of complex fields, and suitable reality conditions. These are the same present 
also in the self-dual formalism, and are difficult to deal with at the quantum level. The non- 
chiral formulation has the advantage that one can use alternative metrics which are automatically 
real, without the need of auxiliary conditions. To illustrate the interest of this interpretation, in 
section 5 we show how one can use these metrics to give a new exact solution to the compatibility 

'^In the self-dual case, the modification turns out to be related to a class of generally covariant actions previously 
considered in [161 [HI • The modified self-dual theory has been studied quite extensively in the literature, e.g. 

[ni[i3i[iii[ii[2n]- 
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equations that does not require any reality conditions. 

2 Plebanski formalism and modified theories of gravity 

Our starting point is BF theory with local gauge group S0(4). Extension to the case S0(3,l), 
relevant for gravity in Lorentzian signature, will be discussed below in section [H The funda- 
mental fields are a connection oj in the local Lorentz gauge group, and an algebra- valued 2-form 
B. The action is 

Sbf{B,u:) = I P^'^^Bjj A FkUc^), P^^^^ = 6^^^^ + (1) 

with 7 a real, dimensionsless parameter. The theory is invariant under the shift symmetry 
{SaB = dcja, Sct^jJ = 0), where a is an algebra- valued 1-form. The field equations are 

d^B = 0, F{oj) = 0, (2) 

where we used the fact that the Hodge star ★ = ^ej^^ commutes with the covariant exterior 
derivative. The equations do not allow for local degrees of freedom: under a shift transformation, 
all solutions are locally equivalent, e.g. to i? = w = for trivial topology. 

BF theory can be related to (modified or not) theories of gravity considering the following 
action, 

S{B, a;, 0) = j P^-^'^'-Bu A FkUco) + {<Pijkl - ^A{^)euKL) B'-^ A B^^, (3) 

where A(0) does not contain derivatives. The potential generically breaks the shift symmetry, 
leaving local gauge and diffeomorphisms as symmetries, and introduces non-trivial curvature: 
varying with respect to B we now get 

F{u) = -2(^(t>-M^) *)b, (4) 

instead of ([2]). Crucial are the field equations coming from the variation with respect to the 
new field (j). This tensor is taken to be symmetric under exchange of the first and second pair 
of indices, and antisymmetric in each pair. It thus has 21 independent components, which can 
be classified in terms of irreducible representations of S0(4), as 

G [(1, 0) e (0, 1)] ®sym [(1, 0) e (0, i)] = (2, 0) e (0, 2) e (1, 1) e (0, 0) e (0, 0). (5) 

The irreducibles are the "Weyl" components, that is the symmetric and traceless tensors 
{ipij,(pij) G (2,0) © (0,2), the trace-free "Ricci" components ipij S (1,1), and the two traces, 
(j) = 6ijkl4>^'^^^ aiid 0^ = {l/2)eijKL4'^'^^^ ■ See appendix|X]for the explicit decomposition. It 
is furthermore assumed that = 0, as otherwise variation of ([3]) with respect to (j) would restrict 
us to the case i?^"^ A Bjj = B^^ A *-B/j = 0, which is degenerate in a sense to be clarified later. 
The action ^ describes a general class of theories, of which general relativity in the Plebanski 
formalism is a special case, obtained for A((/)) = A constant. In this case, the variation with 
respect to (j) imposes the simplicity constraints, and the action is equivalent to general relativity 
in the first order formalism, with Immirzi parameter 7 and cosmological constant proportional 
to A. See e.g. O |3l] for details on the non-chiral Plebanski formulation. 
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The number of degrees of freedom of ([3]) has been studied canonically [2T]. When the Hessian 
matrix 

has maximal rank, there are eight DOFs. Hence an invertible Hessian corresponds to a theory 
with six DOFs more than the two DOFs of Plebanski gravityH To obtain a theory with fewer 
degrees of freedom, special potentials with singular Hessians are needed. To complicate the 
analysis, the zero modes are required to be in a specific six-dimensional subspace |21j . While a 
systematic study of the singular Hessian has not appeared in the literature, below in Section [S] 
we present a survey of simple scenarios. 

As a case study, we consider quadratic modifications, more precisely a potential of the form 

A((/>) = A + (0,A0), 

in matricial notation. While this is of course a strong limitation on all the possible poten- 
tial terms, it turns out to be large enough for our purposes, for both perturbative and non- 
perturbative considerations. Given the local S0(4) invariance, there are four quadratic invari- 
ants H 



Qi{4>) = hjKLck'''''' = ^% + 4 + i^^l + g'^', (7a) 

Q2(0) = \elUiJKL4>'''''' = ^% - 4' (7b) 

Qm = 4>iKct>''' = \4>^ + \i>l. (7c) 

^4(0) = (7d) 

where (j)^^ = 5jL<j)^'^^^. It is convenient to take the irreducible components as basis, and to 
parametrize the potential as 

(0, A0) = - ^% + - ^% + ^2 ^ 1 (8) 

We assume for the moment that all coefficients are non- vanishing. Therefore, the Hessian is 
non-singular, and we expect 8 DOFs from |21j . At the same time, the gradient 



can be solved for all components of cf)^"^^^ , hence it is possible to completely eliminate the field 
from the action, using its field equations. Introducing the short-hand notation 



■^For the reader familiar with the canonical analysis of the Plebanski action, this result can be understood as 
follows: the variation of Q with respect to cj)''^^^ gives algebraic constraints on the components of (f). When A*^^' 
has zero rank, the case of a constant potential term, there are still algebraic constraints (on components of B this 
time), but six of these equations now generate secondary constraints. The resulting system is second class, and 
six degrees of freedom are killed, reducing the DOFs to only two. For generic A, the lack of the six constraints is 
the source of the six extra degrees of freedom, for a total of 8. 

^See e.g. [SS]. In the appendix we provide the complete list of invariants without symmetry assumptions. 
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the variation of ([3|) with respect to (j) gives 



Q"^^ - Y^e^^^Q. = 2Q.(^0)^■^^^ (11) 

where Q^, = {l/2)ejjKLQ^'^^^ ■ The scalar density Q^^^^ decomposes as ([5|). Accordingly, we 
denote Qij, Qij, (Qjj, Q and the various irreducible representations. Assuming 7^ 0, ([TT]) 
is easily inverted. Inserting this solution back into the action yields a (/)-independent form, 

S{B,uj) = J P^-^'''^Bu/\Fkl + V{B), (12a) 

V{B) = -Ag, + -i- (^aiQ2. + 02 0?, + ^03^2. + ia4Q2y (12b) 

For general A(0), as long as its Hessian is non-singular, cj)^'^^^ can be eliminated to yield an 
action of the form (jl2ap . with V{B) of the form 

viB) = Q.y((g"^^ - le"^^g,)/g,). (13) 

This restricted form is the one compatible with the symmetries of the field (f) that has been 
integrated out, which also explains the absence of terms in and QQ^, in the numerator, and 
g in the denominator. Of course for singular Hessians -which in the quadratic case appear if 
any of the coefficients in ([8]) vanishes- this equivalence is broken The case considered in |10] . 
^(^) ~ 2^(Q'ijkl ~ |Q2)' corresponds to the single Qi{(j)) invariant. It is a special case of 
the analysis in the present paper, that can be found by setting Oj = 1/2^4 Vi. For this case, 
perturbation theory around the bi-flat solution is unstable, which is what we want to cure in 
this paper. 



2.1 Bi-metric interpretation 

The metric enters the Plebanski formalism only as a derived quantity, through a cubic relation 
with the B fields. In the same sense in which the tetrad can be called the "square root" of the 
metric, the B field is its "cubic root" [36j . What is special about the S0(4) formalism, with 
respect to the original self-dual case, is that there are two different combinations of the B field 
that define a metric, that is 

9lV = l^rN (sjMKL ± lejMKi)j BliB^^^^Bf,"", (14) 

where -B"^ = ^e'^^'^^ B^^. These correspond to the Urbantke metrics [31 [37] of the left and right 
su(2) subalgebras. 

A strategy to parametrize the B field in terms of these two metrics is as follows: first, split 
the algebra, 30(4) = 5u(2) ©su(2), using projectors Pl-^)i (See appendix lAl for conventions and 

*It is also of interest to take actions of the form (|12a|l as the starting point, with V{B) for instance given by 
the most general homogeneous function of degree 1 of Q. A new canonical analysis is then necessary, but it is easy 
to see that a generic potential has again 8 DOFs, and a system with fewer needs the presence of zero modes in a 
certain Hessian matrix analogue to ([6]). Our preference to work with ([3]) has two reasons: (i), the link with general 
relativity is more natural (the constant A case versus a Dirac-delta potential), and (ii), having an additional field, 
(j), at disposal, can only make the study of singular potentials easier allowing for more configurations. 
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full details), thus B^-^ = Pl+yiBl^^ + Pl^^iB\_y Second, invoke Urbantke's theorem [37] to 
parametrize the two triples of 2-forms as 

i?j+)(6,e) = vK^+.ie), Bl^{b,e) = fjK^.ie). (15) 

In this expressions, r] and f] are signs, the spacetime scalars b and b form unimodular 3-by-3 real 
matrices, and 

Sj±)(e) =eOAe^±^e^,-fceJ' Ae^ (16) 

are Plebanski's 2-forms [2l[3ll3j- A straighforward calculation then checks that the metrics for 
these tetrads, g{e) and g{e), are precisely the two Urbantke metrics defined in (I14p : 

9l:tJ = 9iJ,u, gl~J = V9tiu- (17) 

Combining the two steps, one gets the generic parametrization 

B'-' = b\J:l^{e) + 7?P,^4, b\^^,{e), (18) 

where we dropped an overall sign which turns out to be irrelevant: up to a global sign in the 
action, its effects can be absorbed in a redefinition of the parameters appearing in the potential. 
The sets of scalars b and 6, and the metrics g{e) and g{e), are all independent fields, parametrizing 
the 36 independent components of B^"^ . Notice that the decomposition (jlSp parametrizes B^'^ 
in such a way that the right- and left-handed components -B*_,_j are also self- and antiself-dual, 
but with respect to two independent metrics 5^,^ and gfj,^. 

Using these metrics, one can solve the compatibility equation d^^B = and obtain a second 
order formulation of BF theory where the connection is on-shell. The compatibility equation is 
reminiscent of Cartan's structure equation, d^e = 0. If the tetrad e is invertible, the equation 
admits a unique solution, given by the spin connection a;(e). Similarly, d^B = admits a unique 
solution oj{B), if B satisfies certain non-degeneracy conditions!! One such condition is the 
invertibility of the two tetrads e and e. Then, an explicit solution can be parametrized through 
the left-right splitting of the Lorentz algebra. Accordingly, the compatibility equation splits into 
two independent 5u{£) equations, d^B'^ = 0, whose solution is well-known [I2 | [T3 | [38 l [39 l [30]. 

J^{B) = ^^e'^^^^Bl^B.p.V'Bi,. (19) 

In each left/right sector independently, the indices are raised and lowered with the Urbantke 
metric, e is the determinant of its tetrad, and V its covariant derivative. 

Going back to the BF action, we can rewrite = (1 + 1/7)^+ + (1 — 1/7)P_, and use ([T2D 
to write a second order action for BF theory, 

Sbf{B) = i (^1 + a FX{u^{B^)) - 1 (^1 - |pi a Fl(a;-(S-))- (20) 

Using the parametrization (llSp . the above second order BF theory is displayed as a bi-metric 
theory of gravity. The details of this lengthy calculation can be found in ^Oj. The result is best 
expressed in terms of the unimodular internal metrics 

Qab = balrlSij, qab = baH^ij^ (21) 

^Although non-degeneracy requirements breaks the purity of the initial configuration space, they do not change 
its dimensionality, nor spoil the shift symmetry. Hence, BF theory is topological also in the second order formalism. 
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and reads 

SBF{r],ei,ei,qab,qab) 



1 f 1 

1 

1 - - 

7 



ab - qab) + ^eV^'QabCl 



abed \jy „ 
(+) jiv ^ Hcd 



ab - Qab) + ^eVqabCl 



abed - 

(-) ^lu^ Qcd- 



(22a) 



Here iZf|)(e) = {l/2)Y.'^^^^,,{e)^'l^^pa{e)R^"'P'' (e) is the self-dual part of the Riemann tensor, q 
is the trace of qab, and qab its inverse. The kinetic term of the scalars is controlled by 



f-iabed 



^ad^be 



^ rafe red 

2^ ^ 



rbe^ad 



qbc^adf^ 



Here and in the following, the internal indices i or a are contracted with the identity metrics. 

The potential term can also be expressed in terms of the bi-metric parametrization. One 
finds 

1 



Qti = 4e^(g, 



1 



ab 



Q2 = (2eq - 2eqf, 



Ql=^eHq 



Ql 



ab 



{2eq + 2eqf 



164, 



where 



Therefore, the potential ()12bp is given by 

y{V: e^, Qab, qab) = -A(2eg + 2eq) + 



1 



A{2eq + 2eq) 



a4\ 2 2 



2 (^02 - Y j e g + Sasiij - -a^eeqq 



(22b) 



The two pieces <\22h give the bi-metric interpretation of the modified Plebanski action ([3]). The 
main difference with respect to the standard bi-metric theories is the presence of the additional 
scalars qab^ However, a first indication that the extra scalars might be auxiliary fields comes 
from a counting of degrees of freedom: (I22p has in general eight degrees of freedom, precisely 
as bi-metric theories of gravity with generic potential [23]. Furthermore, the expansion around 
a bi-fiat background gives the same interpretation of the degrees of freedom, namely those of 
a massless and a massive spin-2 particle plus a scalar mode [TO]. Upon such linearization, the 
scalar fields can be integrated out, and (Il2bj) gives a mass term for one of the two gravitonsJil 



3 Bi-flat background and linearized BF theory 

It is immediate to see that the bi-flat configuration 6Jj = 5^, g^j^i, = 5^^, and the same for the 
barred quantities, is a solution of the BF field equations. We then define the perturbations 

bi = 6i + cl 5/.. = V + V (23) 

''Another difference is that here both metrics have the same cosmological constant, but this can be easily 
amended, and independent constants can be obtained simply adding a term AQ to (|12b|) . 

^This situation is analogous to the auxiliary role of the scalars in the self-dual case [13] ■ These facts suggest 
that it should be possible to dispose of the b scalars, by solving their equations of motions, and identify the 
physical degrees of freedom within the metric tensors only. This can unfortunately only be done in perturbation 
theory, given the non-linearity of the field equations. For the self-dual case, it has been studied in [13] 
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and the same for barred quantities. The flat metric background can be used to introduce a 
tetrad 5^, and unambiguously project spacetime indices into internal indices. Using this, we can 
write the induced expansion on B as 

B'/, = 5^kKl e'-""^^ + 5^k5uL C^-^^^, (24) 

where the perturbation C has a certain dependence on c, c, h and h that we do not need for the 
moment, and we chose ry = — 1. For r] = 1 the zeroth order is S^k^uL S^'^^^. 



3.1 Linearized on-shell connection 

The compatible linearized connection can be obtained expanding (jl9p to leading order. However, 
it is more instructive to solve directly the linearized equation, as it brings in further intuition 
on the relation between S0(4) BF theory and general relativity. In fact, restricting attention 
to the bi-flat solution, in which a unique background metric is singled out, allows us to avoid 
having to go through the decomposition in self-dual and antiself-dual sectors. To see this, let us 
first rewrite ([2]) in components, 

6'^^''- {d.Bij + - ^;{^<0 = 0. (25) 

Then, we make use of the expansion ()24p . which introduces the flat background tetrad Sjj^, and 
look for a perturbative solution for u. At zeroth order, uj trivially vanishes, thus we can directly 
look at the flrst order term, linear in C and the connection perturbation du. It is convenient 
to use the background tetrad to project the equation on internal indices only, and introduce 
the notation w^^'^'^ = 6^^^ ^^j/ ■ Using simple identities for the contraction of epsilon and delta 
tensors, the flrst order of the equation reduces to the simpler form 



w 



i,J]s_^^Kli^j]s^Y'^'', (26) 



where Y^'^'^ = {l/A)e^^^^^dMC^'^ nr- This hnear equation can be easily inverted if we decom- 
pose both w and Y into their irreducible components (3/2,1/2) (1/2,3/2) (1/2,1/2) 
(1/2, 1/2). This can be done using the orthogonal projectors P,P and P (see appendix lAl for 
details) 11 

/- . ^\I,JK 2 r, 

WA,BC = \P + P + , WijK = WA,BC + 1^Sa[CWb] + eABCDW . (28) 

Inserting it into (I25p . we find (in matricial notation, with implicit indices) 

\p + P + p)w = Y, (29) 



2 

where we used w^^'-^^^ = —(l/2)w^'^'^, which follows from the symmetries of w. Hence, 

w = {-2P + P + P)Y = -2Y + 3(P + P)Y. (30) 



The irreducible components w, w and w satisfy 



cAB ABCD - n - nAC ~D 1 ABCD fr,rr\ 

WA,BC(> = e WA,BC =0, Wb ^ WA,BC, W = -6 WA,BC- (^7) 
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3.2 Linearized BF action 



Integrating by parts in the BF action ([T]), and using the solution uj{B) to d^^B = 0, we get 

S{B) = P^^^^^ I Lo'^'iB) A coij{B) A Bab. (31) 

Since uj{B) vanishes at zeroth order, the quadratic approximation comes from B^^ = S^c^uD e^^^^ 
and w^^'^'^ = 6^^^ ^^f/ ■ After some simple algebra, we arrive at the second order linearized ac- 
tion 

5(^) = -\l n.uKM^/,ln.^-c, M^^^ = 45\^P,'V^. (32) 
Explicitly, in terms of the irreducible components, 

•5^^^ = -l [u!^- ^w"^ - 12^i2 + -W-W + ^e^^^^wi,ABWi,cD- (33) 
2 J 3 7 27 

We remark that this is precisely the term quadratic in the connection fluctuations of the lin- 
earized Hoist action for GR; see e.g. [¥T]. The difference is that here w is not an independent 
variable, but rather w = w{C) through ()30p . The relation shows that the linearized kinetic term 
of a bi-metric theory comes from a single Einstein-like Lagrangianjl where the connection is 
on-shell a function of two metrics. 



3.3 Bi-metric parametrization 

At this point we use the explicit dependence of C on the perturbations (j23|) . to rewrite ([32|) for 
the metric perturbations. One can easily check that the first order perturbation is given by 

CUKL ^ ^pIJ^ pKL^ ^ ^^plj^ pKL^ ^ 2P;^'I'' m h^^^' + 2r?P,^4[^M /i^'*' (34) 

Notice that it is not symmetric under IJ 1— )• KL, consistently with the fact that B and its 
perturbations have 36 independent components. The decomposition permits to appreciate ex- 
plicitly the way c, c, h and h capture the independent components of C: decomposing in its 
irreducibles, we find 

c(^")g(2,o), e(i,o), (1,1)0(0,0) /i;,e (1,1) 0(0,0) (35) 

This parametrization can now be used to evaluate the on-shell connection (j30p . and its 
curvature. To that end, we introduce the perturbations 

qab = Sab + Xab, Q = 3 + ^xlb, (36) 

and idem for the barred quantities. The second order approximation for q follows from det {qab) = 
1. Looking directly at the curvature, we have 

5F/,^(a;(C)) = 2d[y^{{C) = 6j^J^6F''^^{C), (37) 

6F^'^^ = Pl^,aPttfbd^^dMX'''-Pl^aP^Tbd^^dMr' (38) 

+\5R^^^\h + h) + iei/^ 5R''^^\h - h), 

^Indeed, the 7-independent parts of p3|l are like Einstein's FF action for the Lorentz connection. 
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where 5R^^^^ = dyd^ph^j^^ — d^j,d^phfj-\y is the first order expansion of the Riemann tensor. Unlike 
C, this tensor does not have all its possible components: the (1,0) (0, 1) components vanish, 
which is due to the special symmetries of the background. 

These formulas can be easily reduced to the case of general relativity: In the presence of 
simplicity constraints, X = X = and h = h, then C^'^^^ = —^^J^i^fi^^'^^ ()30p correctly gives 
the linearized spin connection wjjk = d^K^j]B where we used the symmetry of /i/j, and finally 
^piJKL ^ SR^-^^^{h). 

Finally, the linearization of (I22al) can be shown as in [lOj to give 



(39) 



where 



O^^iih^u) ^ --K^E^-P^Uhp, = --h^,^ + -/i^,,, - - + -h'^^ (40) 

is the second order approximation of the Einstein-Hilbert action, and 

XfiU = Pe fip^e i^cr g Xafe, = -P^ U^fi^p ! (41) 

is transverse, traceless and invariant under diffeomorphisms. 

We see that the stability of the theory depends on both rj and the domain of 7. To have both 
kinetic terms in ([39]) positive, we can choose r] = —1 and I7I > 1, or < 7 < 1 and r/ = 1. The 
remaining case, —1 < 7 < and rj = 1 leads to an overall minus sign and can be also treated 
if one reverses also the signs in the potential term. Concerning the latter, the exact expression 
()22bp gives, applying standard formulas for the expansions (see |10j for details). 
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4 Pauli-Fierz mass term 



2 , -2 , 304—03, , ^3/, T ^ 

aiXab + (i2Xab + ^ [h-h) +y(V-VJ 



(42) 



Let us consider non-singular potentials, that is exclude the cases where one or more of the 
parameters Oj of (142p vanish. Since the potential term breaks the shift symmetry, we can now 
make the field redefinitions 

Hfj,,^ = h^y + Xpv, H^iy = h^y + Xfiu- (43) 

It is convenient to reabsorb the 7-prefactors of (j39p in the fields in order to get the kinetic 
term in canonical normalization. Further control can be obtained by diagonalizing the mass 
Lagrangian (j42p . It is easy to check that the diagonalization is obtained through 



'''' ~ V2h\ V2h\ ~ ^/2|7| ^ ^ ' 



We also define 



xfj = ^ (X^i^ ± Xpu) ■ (45) 
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Accordingly, the final form of the Lagrangian in the stable case reads 



7 



as 



804 — 03 



(46) 



6 



+ ^y(-)2 , °1 +"2 . (+)2 , (-)2^ , "1 (+) 



12 



24 
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This is a Lagrangian for a massless and a massive graviton, although it is written in a non- 
standard form, due to the presence of the extra scalars, which at this stage only enter alge- 
braically. As we will see below, this does not affect the choice of parameters leading to the 
PF mass term, but only the final value of the mass, which can already at this point be seen 
to be 7-dependent. This 7-dependence is brought in by the need to canonically normalize and 
diagonalize the mass term. 

We can now study the particle content of this lagrangian, and identify the choice of param- 
eters in the potential which give the Pauli-Fierz mass term. To that end, let us look at the field 
equations: taking variations of (|46p with respect to the H^^^ and x^^^ fields, we have 



fP^u[+) - 9^2 (+) 



1 



804 — 03 




12 
1 



12 

A-) 



ft-2n-(+) 



— (203 + ai+ a2)xiJ + Y2 



vp,u 




Here Sj^u is a short-hand notation for the linearized Einstein equations. 



r(-)TT : 



-'fj.u 



pa 



(47a) 
(47b) 

(47c) 

(47d) 

(48) 



and in (|47dll . H},^''^'^ is the spin-2, transverse-traceless component of H^J , which appears due 
to the transverse-tracelessness of ■ For completeness, and future reference, we have also 
included on the right-hand side some source terms of matter fields, with universal coupling , 
although a precise discussion of matter coupling goes beyond the scope of this paper. Let us just 
notice that the x's affect the coupling to matter. In particular, we see that the case ai 7^ 02, 
in which parity-breaking effects can be potentially expected, leads to a mixing between the (+) 
and (-) fields, and their matter sources. 

The first equation is the standard linearized Einstein's equation for the massless graviton. 
The second is the equation for the massive graviton, with a generic mass term, and some of the 
scalars acting as sources. This is the equation we want to focus on. The last two equations are 
algebraic and, provided the determinant is non-zero, i.e. A = 2aia2 + 03(01 -|- 02) 7^ 0, can 
be solved for x*-^-* and x*-""*- Equation ()47bp then yields a closed equation for H^^\ The case 
A = will be discussed below. We thus get 



K T, 



pvi 



where 



8 I72 - 1 



■03, 



804 — 03 



7 



8I72 



8I72 



a\{ai + 02) 
A 



(49) 



(50) 
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and 



(-) Mil ai + a2 (_) 4|7| 02-01 (+) 
To study what quanta are propagated by this equation, we decompose H^J using the pro- 



jectors P^^^ in individual spin components! 

FH=[p(2) + P«+p/°) + pW]4;), (52) 

where H^Z^^^ = P^^^^t^ is the spin-2 transverse-traceless part aheady introduced, and the rest 
is a spin-1 and two spin-0 components. A standard procedure [l2] then gives, after decouphng 
the scalar components, 

[-□ + a + c] P^^^hI-^ = K2p(2)f^^ (53a) 

aP^i)//^) = K^pd)?^, (53b) 

[2(a + b)a + a^ + iab] P^H^-^ = K^a + b)PPf^^ - V^bPf^f^,^ (53c) 

[2(a + b)U + a^ + Aab] P^H^^^ = [2U + a + 36] P^°f^^ - \/36P,°f^^. (53d) 

Therefore, the propagator in Fourier space is given by 

n ^ P2 ^P^^ {a + b)P^ - x/36(p0 ^ pO) ^ (_2fc2 ^ ^ ^ g^^po 
A;2 + a + c a -2{a + 6)A;2 + + 4a6 

One can check that the residue at k'^ = — (a + c) is positive definite, but the residue, for a + 6 7^ 0, 
at '^2(l+b) ' ^® negative. Propagation of the ghost mode is avoided for a = —b, the PF mass term. 
In terms of the parameters of the potential V{B), this condition gives 

04 = -03, (55) 

with arbitrary ai and a2. This is precisely the form that could have been guessed directly from 
(j46|l . thus the scalar perturbations x's do not affect this aspect of the theory. They do, however, 
affect the final value of the mass of the spin-2 particle, which for generic parameters ends up 
being 

/i^2 4 7^ 010203 



''The projectors are given in terms of ii^; = and the tranverse projector = 5^ 



i^av. as 



P*^' — -fD D 4-D D \ — -D n P'°' — - D n 

^ 2 V A^P ' J-^ iia J-^u p } 2 ^ pv ^ pa , s — ^ ^ p.u ^ pa , 

P^ ' = — (-DppCJi/o- + Dp.a'^vp + DvpLUpcr + Dya^^pp), P/ ' = ^ pu^^ pm 



and satisfy 1 = P'^' + P'^'' + Pi"^ + P;'"' in the space of symmetric tensors. The spin-0 space is two-dimensional, 
and one needs also the off-diagonal operators 



(0) _ In , , P(0' - ^ , 
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The parameters ai, 02, as have to be chosen such that the graviton is not a tachyon, in order to 
keep the bi-flat solution stable. Notice furthermore that the Immirzi parameter enters with the 
same algebraic combination as in the effective coupling to fermions ^43]!^ 

Let us now consider also the A = case. Since we are excluding singular potentials with 
one or more coefficients vanishing, this leaves only configurations with 

03 = ■ , ai + 02 7^ 0. (57) 

ai + 02 

For these values, the mass ([56]) diverges and consequently P^'^^H^u^ stops propagating. The 
condition for the further non propagation of the scalar ghost is again (l55]) P^I Hence, with dSH) 
and (j55p holding, the linearized theory only propagates a spin-2 massless particle, H^^^ , and it 
is equivalent to linearized general relativity (provided the right coupling to matter is chosen). 



5 Some simple singular potentials 

We have identified the choice ([55]) of parameters in the quadratic potential ()12bp that leads 
to a Pauli-Fierz mass term, featuring the absence of the ghost at the linearized level. We have 
furthermore identified the choice (j57p leading to the absence of the second spin-2 particle. These 
choices of coefficients affect the counting of degrees of freedom of the linearized theory. We can 
now ask whether any of these reductions of degrees of freedom survives when interactions are 
included. To answer this question, we need to look at the canonical analysis of the exact theory. 
As recalled above, the non-perturbative number of degrees of freedom is determined by Q. If 
there are no zero modes in the Hessian, then the interacting theory has eight DOFs, regardless 
of the linearized analysis. This is precisely the case: when the coefficients in dS]) are non- 
zero, A^^) has maximal rank, independent of fine-tunings such as (j55p or (j57p . Hence, even if 
the choice (I55p eliminates the ghost at the linear level, it reappears through the interactions, 
precisely as the Boulware-Deser ghost of massive gravity. In other words, it is a necessary but 
not sufficient condition. The same argument applies to the absence of the massive spin-2 mode 
when A = 0: higher-order interactions will generate these additional degrees of freedom. 

In order to obtain fewer degrees of freedom at the full, non-perturbative level, one needs 
potentials with singular Hessian. The quadratic case ([8]) provides an interesting case study, as 
a singular Hessian can be obtained easily setting some of the coefficients a~ to zero. 



5.1 Self-dual theory 

Set A = A((/3*-'), or = = a^^ = in the quadratic case. Only the (2,0) part of the 
simplicity constraints are relaxed. Consequently, the dynamical fields are a unique metric, with 
tetrad e, and a unique set of scalars b. The B^'^ can be parametrized as 

5" = [P,'^',,P^^,KLbl + vP'-Ul] A 



^^For 7^ = 1, we are dealing with the modified self-dual Plebanski action, which only has 2 degrees of freedom 
[18] , In complete agreement, the mass diverges and the second graviton stops propagating. 

^^This is confirmed looking again at (|47p: there, x^^^ decouple from //("'"^^ and the result is that is 
then determined from the sources cr'-*', and does not propagate. Its trace part, the scalar ghost, is also eliminated 
for the same value ((55)). 
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The on-shell right-handed connection is still given by (|19p , whereas the left-handed one is directly 
(the projection of) the spin connection uj{e). Solving the algebraic field equations for (/?*-^, we 
recover a generic potential eV{m^^). The resulting action S(6^,ep has the structure of the 
modified self-dual Plebanski theories studied by Krasnov [18]. Hence, this class of potentials 
gives only 2 degrees of freedom. 

Notice also that if we take 7^ = 1 (or —1 in the Lorentzian case), then we also fall into the 
self-dual modified theory. In this case, no matter the form of the potential, there are only two 
degrees of freedom. 



5.2 Scalar-tensor theory 

Set A = A{6^'^^^(I)ijkl), or all but aj^ vanishing in the quadratic case. The scalar simplicity 
constraint is the only one relaxed. The dynamical field are now a unique metric plus a scalar 
field, the conformal factor relating the right- and left-handed Urbantke metrics. The resulting 
theories have only 3 degrees of freedom, and the scalar mode is not necessarily a ghost: full 
stability can be obtained for suitable values of 7 and rj. Such scalar-tensor sector is studied in 
detail in 



its propagator reads 



5.3 Scalar constraint and unimodular massive gravity 

Set A = A((/9*-' , (^^-^ , ■0*-' ), or a^^ = in the quadratic case. The scalar simpicity constraint is 
the only one present, and a single zero mode is introduced in the Hessian. A priori, this is 
a promising case because one could expect the reintroduced scalar constraint to kill one non- 
perturbative DOF. However, this is not the it is evident already in the perturbative 

expansion around the bi-flat background. Proceeding as above, one gets exactly the formula 
6|), the only difference being that now ff^v'' is traceless. Projecting on the spin components, 

We see that we have again the scalar ghost, and furthermore it is now always dynamical, inde- 
pendent of any parameter fine-tuning. That is, this subclass is completely sick. The result can 
be understood also from the viewpoint of the canonical analysis: while taking = we do 
achieve a singular Hessian A^^^ , its zero mode is not in the six-dimensional space of Lagrange 
multipliers which give genuine constraints El This negative result shows the non-triviality of 
finding a class of theories with 7 degrees of freedom, a problem open in bigravity theories, and 
to which the Plebanski description unfortunately does not seem to bring much novelty. In par- 
ticular, we can identify a specific algebraic difficulty: the most natural single constraint to be 
added, the scalar simplicity constraint, gives a zero mode lying in the wrong part of the Hessian. 



^■^With the linearized result H58p . we have recovered that unimodular massive gravity contains six DOFs, with 
the massive graviton and the Boulware-Deser ghost. This is also apparent in the ADM formalism, where the lapse 
function N is no longer an independent variable (since A^^ det(g) = 1). In the massless case, the diffeomorphism 
constraint is still present as a primary constraint and the Hamiltonian constraint, with cosmological constant as 
an integration constant, appears as the secondary constraint generated by it [45]. In the massive case however, 
the only way to obtain a constraint is by fine-tuning the mass term such that N appears linearly, which is of no 
help in the unimodular case. 
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5.4 Genuine bi-gravity 

Set A = A{ip'^ ,6^-^^ ^(Pijkl), or a^^ = a^^ = in the quadratic case. The (2,0) (0,2) 
components of the simphcity constraints are present, imposing Qab = 6ab and Qab = ^ab- Fur such 
potentials, the scalar fields are explicitly eliminated, and a genuine bi-metric theory of gravity 
is obtained. With the potential dH), we have 



S = ^ / (l + ^) eR{e) - ^ (l - ^) e-i?(e-) 



(59) 



+-^7^— r [aze^ilO - IC^ICJ + 604(6^ + e^) - 12(03 + a4)ee] 
12(e + ej ^ 



where = g^'^Qpu-, and K, = 5"^lCy. A generic h.{ip^^ will result in a generic 

interaction term V{1C), which corresponds to the most general action for bi-metric theories of 
gravity!^ 

Linearization of (j59p around the bi-flat background leads to 



The PF mass term is again obtained for 03 = —04, with 

2 7^ 

3 17^-1 



2 -Y^ 

^PF = 2 .. as- (61) 



This corresponds to the theory 

^ j eR{e) + -eR{e) + ^^^^ [e'(/C^ - /C^^/C;;) - 6(6^ + e^)] . (62) 

However, this theory has already been examined in the literature, and the canonical analysis 
also yields eight degrees of freedom [23]. Once again, the ghost reappears in the interactions. 
Let us add a couple of further remarks. 

• The presence of the ghost in the genuine bi-gravity case suggests that it will also be present 
in the cases with only one of the auxiliary fields constrained, namely a^^ = 0, Og ^ ^ 
or aj~^ 7^ 0, a^^ = 0. Nevertheless, for completeness one can note that the same relation 
03 = —04 has to be imposed in order to obtain the PF mass term. The respective masses 
are then given by 

M'-. n = -- , / , , , = -i , / , . (63) 

-^1=0 3|72-l|2a2 + a3 "2=^ 3 I72 - 1| 2ai + 03 ^ ' 

Taking aj^ = in any of the cases with a^^a'^'^ = is of no help either: for exactly the 
same reasons as in the case a^^a^^ 7^ 0, the massive graviton is unimodular, and the ghost 
is already propagating at the linear level. 



*For more on bi-gravities and their applications, see e.g. [26l [27l [28l |29] . 
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• The fact that the choice of parameters leading to a Pauh-Fierz mass term, 03 = —04, is 
unchanged in the presence of the additional (6, b) scalar degrees of freedom (see previous 
Section), is further evidence that these fields, although can not be immediately integrated 
out, do not play much of a dynamical role, but just encode some additional self-interactions 
of the two metrics. 

While the above list does not exhaust all the possible singular cases for the quadratic potential, 
it contains all cases in which the (1,1) components of the constraints are relaxed, such that 
the two Urbantke metrics are independent and one can expect a bi-gravity theory. This shows 
how non-trivial it is to find a class with seven non-perturbative DOFs, that is generalizing 
the Pauli-Fierz mass term to the interacting theory. One might hope that a special, but still 
polynomial form of the potential with the right zero mode in the Hessian exists. However, the 
genuine bi-gravity case suggests that this is not possible. Indeed, a theory of massive gravity 
which appears to be non-perturbatively ghost free has been introduced and studied in a series 
of papers [301 EI] i and its casting within a bi- metric theory of gravity also considered in [32] . 
In this approach, the generic non-perturbative Boulware-Deser ghost is bypassed by tailoring 
the non-perturbative mass term to have a singular Hessian with respect to the lapse field and 
shift vector used in the ADM analysis. The upshot of these results is that one needs specific 
potentials of \fKlt'- The presence of the square root is necessary to achieve the ghost-freeness. 
This somewhat cumbersome construction can be translated into an equivalent non-polynomial 
potential V{ff) in terms of Plebanski variables, and consequently, suggests that also the full 
modified Plebanski theory would require some complicated and non-polynomial potential to 
eliminate the ghost non-perturbatively. Notice also that the canonical Hamiltonian analysis 
is made rather complicated by the form of the potential, which has led to some debate in 
the literature on the effective ghost-freeness [33] • Even translated in the Plebanski formalism, 
checking the ghost-freeness through the zero modes of the Hessian appears just as complicated. 
Indeed, it would be a palatable feature of the Plebanski formalism to shed some light on such 
unusual structure of the potential, but our analysis in this direction has produced no interesting 
results so far. 

6 Lorentzian theory and reality conditions 

In this final section, we discuss a rather different aspect of the theory, which concerns its descrip- 
tion in the case of Lorentzian signature. The analysis performed above extends immediately to 
S0(3,l), the relevant group for Lorentzian signature, but there is a caveat: because the left-right 
splitting s[(2, C) = su(2) © su(2) now involves a complexification of the su(2) algebras, reality 
conditions must be supplemented to make the metrics (jl4p real. In fact, for signatures cr = it, 
reads 

Sfj = l^iN [sjMKL ± ^ejMKi)l BliB^^-^Bff. (64) 

In the Lorentzian case, a = —1 and ^/a = i. The surretitious presence of the factor i in this 
formula is what introduces the need of reality conditions. These can be borrowed from the 
self-dual formalism [3], as was done in [10]. The resulting metrics are real and automatically 
Lorentzian, as a consequence of the Urbantke theorem [12^ I37j . but one needs to work with 
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a complex field B, as inspection of (j64p immediately reveals. It is then desirable to have an 
alternative strategy which gives real Lorentzian metrics while preserving the reality of B. 

Assuming B real, one has to look for an alternative metric decomposition. A natural pos- 
sibility is to work with the real and imaginary parts of (jl4p . However, it turns out to be more 
convenient to work with a slightly different pair of metrics, say gi and g2, defined as 

- 9^^^ 9^^^"' = ±r + V^l^", (65) 

where the double tilde is to keep track of the fact that the right-hand side is a density-two 
pseudotensor. Using the inverse of it is not hard to show that 

= ^SinSjmklB^'^^B^^^B^^'^P'^, = ^5iNejMKLB''''^B^^^B''''^-^. (66) 

These metrics have been considered for instance in ^46j. For both signatures, they are real for 
real B, without any additional conditions. Notice that ()66p is an equality between density-two 
pseudotensor s. 

The use of (I66p instead of the Urbantke metrics (j64l) gives an alternative approach to the 
physical interpretation of the modified Plebanski theory, and it would be interesting to develop 
it further, and see whether one gets the same bi-metric-plus-scalar structure, or substantial 
differences appear. Ultimately, which reality conditions {B complex and (I64p real, as above, or 
B real and (|66p as the fundamental metrics) are physically relevant depends on the form of the 
potential term and the coupling to matter. In particular, we postpone a study of the signatures 
of ()66p and how to parametrize B in terms of them. To illustrate nonetheless the validity of 
these alternative metrics, in the rest of this section we show that they can be used to provide a 
new parametrization of the solution to the compatibility equation, which does not rely on the 
left/right splitting, and does not require any reality conditions. Explicitly, we will show below 
that the SO (4) compatibility equation 

d^S" = (67) 

is solved by 

u^^"" = -liUi + ^ ^ hr'if,. [101 + 0^]Wrs mB^Jd.B'^'P^ (68) 

The solution can be checked to transform correctly under changes of gauge and diffeomor- 
phismsjil and to reduce to the sum of left- and right-handed solutions p^ . 

6.1 Solving the compatibility condition 

We will need first to prove the following identity, 

(1^1 + ^ * h)ly = \fiJKLMN [1 1 + a * gf y (69) 

where 

fiJKLMN = ^11[M[IVJ]N]KL (70) 

^^Notice that the partial derivative enters as a divergence of a density-one bi-vector, so what we have is just a 
3-form. Indeed, the whole expression can be also written in terms of forms. 
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are the structure constants of the Lorentz group. The starting point is a similar formula holding 
in the SU(2) case, 

= le.jkBr&/^BUp, (71) 

where e = it stands for self- or antiself-dual, and g^'^'^ = —QeQe^'^ is the doubly densitized 
(inverse) Urbantke metric, and Bl = P^^jjB^"^ . The formula is easily proved using (|15|) and its 
(anti) self-duality. 

Next, we observe that the SU(2) structure constants ejjfc are the self-dual part of the Lorentz 
algebra ones Juklmn, more precisely 

^ijk = ~ o /— flJKLMNPe'^ iP^^ jPe^^ k- (72) 

Using this formula in (j7ip . we get 

5ilr = \fuKLMNP^\BB^^^'^P:''cDB^''^'Pt'\P.'pQB''^.p 

= lfiJKLMNB''^"B^'^-'^P.''''kPjpQB^'^^p, (73) 

where in the first equality we used trivial properties of the projectors, and in the second the fact 
that SD/ASD is an orthogonal decomposition for the structure constants, thus a single projector 
on a pair of indices suffices. The last formula can be equivalently rewritten as 

2Pjg^/^ = |//Ji.LM^Pf (74) 

Expanding out the projectors, and using the definition (l66]) . we get 



[V^ (1^2 + *^i) + e (1^1 + * ^2)] 



EF 
GH 



IfiJKLMN [l®l + a^®^ (1 » * + * » 1)] ^/J/.a^^'Q^i^L/?.. 



Finally, subtracting the equation for e = — 1 to the one for e = 1, we arrive at (|69p . 

We can now easily write down the solution of ()67p . In components, the equation can be 
written as 

dpBP'^j = fuKLMN^f^'B'''^"'- (75) 

Then, we contract both sides of this expression with [1 ® 1 + a ★ (^ApQRsB^^^'^B^f, and use 
the fact that -k commutes with / to get 

[1 (g) 1 + fj * ®-*^]pQRS 

= fiJKLMN a;f ^^^^'^^ + C^*]^^'n's B^'^^^B^J 

where in the last step we used (j69p . Inverting the last equation, we find the solution (j68p . 
Finally, let us add that a similar approach to solve the compatibility equation for general SO(N) 
groups has been studied in [49] . 
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7 Conclusions 



In this paper, we have studied the modified non-chiral Plebanski action, generahzing the results 
of |10] in various directions. First, we considered the most general quadratic potential in which 
all simplicity constraints are relaxed. In particular, we showed how to cure the presence of a 
linear ghost by identifying the values of the parameter leading to the Pauli-Fierz mass term. 
This is given by (j55p . Second, we included the Immirzi parameter in the analysis, and found 
that the mass of the second spin-2 particle depends on it, via the combination 7^/(7^ — 1). 
This might appear as a surprising result at first, since the reader might be familiar with the 
classical irrelevance of the Immirzi parameter in pure gravity. However, the parameter allows to 
differentiate the left and right sectors of the Lorentz algebra, and in the modified theory the two 
sectors carry independent degrees of freedom. The result displays the importance of the Immirzi 
parameter in the modified Plebanski theory. We also found values leading to the absence of the 
second spin-2 particle. These are given by ()57p . Third, we provided many more details on 
the linearized analysis, including the structure of irreducible representation, the solution of the 
linearized spin connection, a simple relation between the second order linearized BF theory and 
general relativity, and the helicity decomposition of the field equations, needed to study the 
scalar mode. 

Beyond the linearized approximation, we discussed how one can try to remove the ghost also 
non-perturbatively. While the Pauli-Fierz mass term is a necessary condition, it is not sufficient 
and a Boulware-Deser ghost can reapper through the interactions. We showed that this indeed 
happens for our quadratic potential with Pauli-Fierz mass term. Although it has been argued 
that a theory of massive gravity with a non- linear ghost can be physically viable, e.g. [23 ^1471148] . 
it is important to understand whether a non-perturbatively ghost-free theory exists. We argued 
that the most intuitive possibility, which is to reintroduce the scalar simplicity constraint, does 
not work, because of the structure of secondary constraints of the action. Then we showed 
how to link the modified Plebanski action to genuine bi-metric theories of gravity. For these, a 
non-perturbatively ghost-free construction has been recently presented in the literature \30\ 131]. 
and it would be interesting to pursue further studies in this direction, and see whether the two 
approaches can shed light on each other. On the other hand, a non-perturbatively ghost-free 
subclass is obtained relaxing only the scalar simplicity constraint, and one obtains scalar-tensor 
theories [44] . 

Finally, we also presented an alternative solution to the compatibility condition, given in 
(|68p . The new solution does not rely on the left/right splitting of the algebra, but rather on 
a metric structure induced by the structure constants of the Lorentz group, leading to the key 
identity (j69p . The advantage of the new solution is that in the Lorentzian case it is automatically 
real for real B, whereas the standard solution needs a complex B field and additional reality 
conditions to make the Urbantke metrics real. This new construction could bring new insights 
in the interpretation of the modified non-chiral Plebanski action. 
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A Appendix 

In this appendix, we collect our conventions and the explicit expressions for the various projectors 
used in the main body of the paper. 

A.l Conventions 

• Levi-Civita pseudo-tensor: 



,0123 



Aiupa I J _ IJKL p u 



• Self-dual projectors and their properties: 



)■ 



4! 



A"^"/3fc — "hi/- 



2pIJ 



Oi 



"Oi + 2 0* 



IJKL 



PlljPl\ 



• Plebanski 2-forms and their properties: 



^^ij^ePf'^iptr ~ 9p[p9cr]u + -^^fMupaj 
'^Ipu'^ipad'^'^ = Opp + £e*"'/5]'^p, 



yi yjppyk 



A. 2 Connection components 

The connection can be decomposed in irreducible representations of SO (4) 
(3/2, 1/2) © (1/2, 3/2) © (1/2, 1/2) © (1/2, 1/2). 



(76) 



The decomposition into (parity-even) irreducibles is realized by the three orthogonal projectors 



f,I,JK xJK n^JK i,I,JK r)I,JK xl^ X^U t>I,JK_^^ JJKD r^rj-s 

^A,BC - °aObC - Pa,BC - ^A,BC^ ^A,BC - A[cO ^a,BC - a^ABCD^ ■ {< 
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A. 3 Curvature components 

A general tensor t^-^^^ has 36 components, transforming under the fohowing irreps, 

(2, 0) e (0, 2) e (1, 0) e (o, i) e (i, i) e (i, i) e (o, o) e (o, o). 

The S0(4) projectors are: 



n, 



[(2,0) 



n, 



[(0,2) = 



^(+) AB CD - ^(+)ABCD 

^(-) AB CD - ^(-)ABCD 



n, 



ki,o) 



n 



n 



[(0,1) - 



n, 



n, 



[(0,0) 



p[/J| p\KL] 

AB^^+j CD 

p[/J| p\KL] 

p{IJ\ p\KL) , p(IJ\ p\KL) 

AB^l-) CD + CD i-^l-) AB 

Pl+) AbP(-) 'CD-PI+) CD Pi-) 

-S^-^^^Sabcd 
6 



n, 



[(0,0) 



1 JJKL^ 
= ^ABCD 



Using the fact that self-dual indices are in correspondence with 
composition in terms of the SU(2) indices as 



(78) 

(79) 

(80) 
(81) 
(82) 
(83) 

(84) 

(85) 
(86) 

SU(2) indices, we can write the 



''ab 



^IJKL 



i 

I f pIJ tdKL _ 1 



(87) 



-) 3 

p{IJ\p\KL) 

where we introduced 



-\K^).fij>p[IJ\.p\K^].fij>}L, 
(-) J'^ ^ -^(+) ^ 



2,0 

;o, 

1,0 

;o,i 
1,1 

M 
0,0 

070 



ii^pK''rt''+ls'''''t+^e^^^H. 

the following irreducible components: 

3 t{ij) = (^P^i)^i P\+)^\ - l^^ijPwk P{^)k) tijKL 

3 = {p^-^ pK''^ - i^.p^^^ ^f.) tijKL 



3 



"I'JJ ~ {+) * ■' (+) ij ^IJKL 

3 %=2(p/^Y'^^(?''^)*/^^i 

3 U,=2(pf4\p\'^,''\)tuKL 

3 t = S^'^^^ tijKL 

3 t* = -^(^^^^ tlJKL 



(88) 
(89) 
(90) 
(91) 
(92) 

(93) 
(94) 
(95) 
(96) 
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From these we compute the ten general quadratic invariants, 



Ql{t) = tijKL t'''''^ = t?,,) + tj,] + t?,,) + + + + ^t^ + ^tl (97) 



<32(i) = 2^MAf i/Ji^L t'^"^*'^^ = + - - - tijt*-'' + -tU, (98) 



g3(i) = tiK = 7*' + n^M + o*1,l + 7*'r (99) 



1 o 1 2 1^ 1 

Q4(i) = (100) 

Q5(t) = tl (101) 
Q6(i) = tt*, (102) 

1-2 1 

1 2 1 2 1 

1 ^/ J + .MNKL _ .2 .,2 72 72 , + Jij , ''^ , 

2eM7V tiJKL t - + - - + tijt + -1 

1 J J + .MNKL _ .2 . 2 72 I 72 1 



Q7(0 = tijKL t^^^^ = tfij) - tf--^ + tfij) - + -tfj - -ti,- + -t^ + -tl, (103) 

Q8(i) = tiK = - ^tl^] - + jt^j, (104) 

Q9(0 = o^MAf tiJKL t^'^^^ = tf^j^ + tf^j^ - P^..^ - + tiji'^ + (105) 

Qwit) = T,<^KL tiJMN t^^^^ = t?. .^ - t?. - t?. .^ + .1 + (106) 



In the symmetric case, (j)^'^^^ = (j)^^^-^ ^ there are only six independent invariants, since = Qii 
Qio = Q9 = Q2, Qs = Qa- If furthermore 0* = is imposed, only the four invariants from ([7]) 
remain. 
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